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1. Introduction
The study of the mathematical properties of defensive alliances in graphs, together with a variety of other kinds of
alliances, started in [8]. In particular, several bounds on the defensive alliance number were given. The special case of global
(strong) defensive alliance was investigated in [6], where several bounds on the global (strong) defensive alliance number
were obtained. In [10], the authors showed several tight bounds on different types of alliance numbers of a graph, namely
(global) defensive alliance number, (global) offensive alliance number and (global) dual alliance number. In this paper,
we investigate the relationship between the alliance numbers of the complement graph and the minimum and maximum
degree, the domination number and the isoperimetric number of the graph.
We begin by stating some notation and terminology. Γ = (V , E) denotes a simple graph of order n = |V | and size
m = |E|. The degree of a vertex v ∈ V will be denoted by δ(v) (δ(v) is the degree of v in the complement graph Γ ). We
denote by δ and∆ the minimum andmaximum degree of the graph, respectively. The subgraph induced by a set S ⊆ V will
be denoted by 〈S〉. For a non-empty subset S ⊆ V , and any vertex v ∈ V , we denote by NS(v) the set of neighbors v has in
S: NS(v) := {u ∈ S : u ∼ v} and δS(v) = |NS(v)|. The complement of the vertex-set S in V is denoted by S¯, so that NS(v)
is the set of neighbors v has in S = V \ S. For every k ∈ Z such that −∆ ≤ k ≤ ∆, a non-empty set of vertices S ⊆ V is
called a defensive k-alliance if for every v ∈ S, δS(v) ≥ δS(v)+ k or, equivalently, δ(v) ≥ 2δS(v)+ k. The defensive k-alliance
number ak(Γ ) is the minimum cardinality of any defensive k-alliance in Γ . Notice that ak+1(Γ ) ≥ ak(Γ ). The defensive
(−1)-alliance number of Γ is known as the defensive alliance number of Γ and the defensive 0-alliance number is known
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as the strong defensive alliance number [5,6,8]. We denote a(Γ ) = a−1(Γ ) and aˆ(Γ ) = a0(Γ ). A particular case of alliance,
called global defensive alliance, was studied in [6]. A defensive k-alliance S is called global if it affects every vertex in S, that
is, every vertex in S is adjacent to at least one member of the alliance S. Note that, in this case, S is a dominating set. Finally,
we denote by γ (Γ ) the domination number and g(Γ ) the girth of the graph Γ .
The study of alliances as a graph-theoretic concept has recently attracted a great deal of attention due to some interesting
applications in a variety of areas, including quantitative analysis of secondary RNA structures [7], national defense [8], and
fault-tolerant computing [12]. Besides, defensive alliances are the mathematical model of web communities. Adopting the
definition of Web community proposed recently by Flake, Lawrence, and Giles [4], ‘‘a Web community is a set of web pages
having more hyperlinks (in either direction) to members of the set than to non-members’’.
The problem of finding aminimum global defensive alliance is NP-complete on general graphs [1]. Such a result has been
also obtained for strong defensive alliances, see [2].
The paper is organized as follows: In Section 2, we show that the determination of the defensive k-alliance number in a
graph is NP-complete. Section 3 is devoted to the study of defensive k-alliances in graph complements. In Section 4, several
relations between αk and other graph parameters are exhibited.
2. Complexity of defensive k-alliances
In this section, we supplement and generalize (and at the same time, unify) known complexity results (see [1,2]) to
arbitrary values of k. More specifically, we consider the following set of decision problems (for any fixed k): Given a bound
` and a graph Γ , is αk(Γ ) ≤ `? We refer to this problem by the abbreviation k-DA.
We will need the following auxiliary problem definition: Given a graph Γ = (V , E) with n = |V | even, the problem
HALFCLIQUE+ c asks whether there exists a clique in G of size (n+ 2c)/2.
Lemma 2.1. For each c ≥ 0, HALFCLIQUE+ c is NP-complete.
Proof. Membership in NP is clear: The presumed clique C of size (n+ 2c)/2 is (non-deterministically) guessed and then it
is deterministically verified in polynomial time that this guess was correct.
The lemma is well known if c = 0, see [13]. Let G = (V , E) be an instance of HALFCLIQUE+0, with |V | = n even.We add
a c-clique to G and connect each of its vertices with every vertex of G, yielding a graph G′ = (V ′, E ′). Now, G′ has a clique of
size c + n/2 iff G has a clique of size n/2. 
Theorem 2.2. ∀k: k-DA is NP-complete.
Proof. Membership in NP is clear: First, the presumed defensive k-alliance set S is guessed and then it is deterministically
verified in polynomial time.
Let Γ = (V , E) be an instance of HALFCLIQUE + c for some c ≥ 0, with |V | = n. Let ` = 2(c − 1), `′ = ` + 1. We can
safely assume that n is sufficiently big compared with `.
We construct a graph Γ ′ such that Γ ′ possesses a defensive `-alliance of size at most n/2+ c = n/2+ b`/2c + 1 if and
only Γ ′ possesses a defensive `′-alliance of size at most n/2 + c = n/2 + b`′/2c + 1 if and only if Γ is a YES-instance of
HALFCLIQUE+ c. This reasoning will show that k-DA is NP-complete for any k ≥ −2. For smaller k, a different construction
is necessary (and this is exhibited in the last paragraph of this proof).
Γ ′ = (V ′, E ′) is described in the following. An example that illustrates this construction is given in a remark after the
proof itself.
Let V ′ = V × {1, 2, 3, 4}, {(u, i), (v, j)} ∈ E ′ iff one of the following conditions is satisfied:
• ({u, v} ∈ E) ∧ (i = j = 1 ∨ i = j = 4), OR
• (((i = 1 ∧ j = 2) ∨ (i = 2 ∧ j = 1) ∨ (i = 3 ∧ j = 4) ∨ (i = 4 ∧ j = 3)) ∧ {u, v} 6∈ E), OR
• (((i = 2 ∧ j = 3) ∨ (i = 3 ∧ j = 2)) ∧ {u, v} ∈ E).
Thismeans that bymapping (u, 1) 7→ u (or (u, 4) 7→ u),Γ ′ ismapped ontoΓ , and similarlywith themapping (u, 2) 7→ u
and (u, 3) 7→ u; while by mapping (u, 1) 7→ u and (u, 2) 7→ u, Γ ′ is mapped onto the complement of Γ , and similarly with
the mapping (u, 3) 7→ u and (u, 4) 7→ u. Hence, Γ ′ is (n − 1)-regular. Therefore, the smallest k-defensive alliances are of
size n/2+ c .
If C ∈ V is a clique with |C | = c+n/2, then C×{1} is an `- (and an `′-) defensive alliance in Γ ′. Namely, v ∈ C×{1} has
n/2+ c− 1 neighbors in C , but (n− 1)− (n/2+ c− 1) = n/2− c neighbors outside of C . Hence, there are 2c− 1 = `′ > r
more neighbors within C than outside of C . Therefore, C is a smallest defensive `-alliance.
Let S be a defensive `- (or `′-)alliance in Γ ′ of size (at most) c + n/2. By definition, S 6= ∅. Since Γ ′[V × {2}] and
Γ ′[V × {3}] both have no edges, S ∩ (V × {2, 3}) = ∅. Since Γ ′[V × {1}] and Γ ′[V × {4}] have no connections, any alliance
that has vertices in both Γ ′[V × {1}] and Γ ′[V × {4}] would have sub-alliances in each part. Hence, we can assume that
either S ⊆ V × {1} or S ⊆ V × {4}. In either case, it is not hard to see that the projection onto the first component (i.e., V )
yields a vertex set C that proves to be a clique in Γ .
Finally, consider the case that k < −2. We basically take the construction ‘‘for k = −2’’, starting with an instance
Γ = (V , E) of HALFCLIQUE + 0. To the instance Γ ′ of (−2)-DA obtained along the lines of the previous paragraphs, we
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Fig. 1. Illustrating the main construction of the proof of Theorem 2.2.
construct another graph Γ ′′ by adding a (|k| − 2)-clique K to Γ ′ and connecting its vertices to all vertices of G. Obviously,
K will not be a part of a defensive k- (k′-, resp.) alliance, of size (at most) n/2, since its vertices would then have too many
neighbors outside of the alliance. Hence, theywill add to the number of neighbors outside of the assumed alliance. Therefore,
the preceding argument (‘‘for k = −2’’) shows that a vertex set C of V is a half-clique in G if and only if V ×{1} is a minimum
defensive k-alliance. 
Remark 2.3. Consider Fig. 1. The leftmost four vertices are the original graph Γ = (V , E). Γ has four vertices and a clique
of size three, which is emphasized by putting small blue chips on those vertices.1 These vertices also form a 1-defensive
alliance in the overall graph Γ ′ with 16 vertices. In Γ ′, the leftmost four (black) vertices constitute V × {1}, the next four
(brown) vertices form V × {2}, the next four red vertices depict V × {3}, and the last four (blue) vertices correspond to
V ×{4}. Black edges are those in the graph Γ ′ induced by V ×{1, 4}, see the first item in the edge set description. Red edges
(having red vertices as their right endpoints in the figure) are the edges in the graph Γ ′ induced by V ×{2, 3}, cf. the second
item in the edge set description. Both black and red edges correspond to edges of the original graph Γ . The brown and blue
edges (having brown and blue vertices as their right endpoints in the figure) correspond to the third item in the edge set
description. They reflect the complement graph of Γ . Obviously, the resulting graph Γ ′ is 3-regular. This is why each vertex
in a 1-defensive alliance has to have two neighbors in that alliance. Therefore, the smallest example is a clique of size three.
3. Defensive alliances in the complement graph
Notice that if every vertex of Γ has even degree and k is odd, k = 2l− 1, then every defensive (2l− 1)-alliance in Γ is a
defensive (2l)-alliance. Hence, in such a case, a2l−1(Γ ) = a2l(Γ ). Analogously, if every vertex of Γ has odd degree and k is
even, k = 2l, then every defensive (2l)-alliance inΓ is a defensive (2l+1)-alliance. Hence, in such a case, a2l(Γ ) = a2l+1(Γ ).
A defensive k-alliance S in Γ isminimal if no proper subset of S is a defensive k-alliance.
One characterization of the graphs for which the defensive alliance number is 1, 2 and 3 is given in [8]. Next, we give a
similar characterization for the defensive k-alliance number.
Theorem 3.1. For any graph Γ ,
(1) ak(Γ ) = 1 if and only if there exists a vertex v ∈ V such that δ(v) ≤ −k.
(2) ak(Γ ) = 2 if and only if 1− k ≤ minv∈V {δ(v)} and Γ have two adjacent vertices of degree at most 2− k.
(3) ak(Γ ) = 3 if and only if ak(Γ ) 6= 1, ak(Γ ) 6= 2 and Γ has an induced subgraph isomorphic to either
(a) P3, with vertices, in order, v1, v2 and v3, where δ(v1) and δ(v3) are at most 2− k, and δ(v2) is at most 4− k.
(b) K3, each vertex of which has degree at most 4− k.
Proof. (1) If S is aminimumdefensive k-alliance, |S| = 1 if and only if there exists a vertex v such that 0 = δS(v) ≥ δS(v)+k,
if and only if there exists a vertex v such that δ(v) = δS(v) ≤ −k.
(2) If S is a minimum defensive k-alliance, |S| = 2 if and only if 1− k ≤ minv∈V {δ(v)} and S = {v1, v2}, where v1 and v2
are adjacent and they satisfy δS(vi) ≥ δS(vi) + k for i = 1, 2. As δS(vi) = 1 for i = 1, 2, the last condition is equivalent to
1− k ≤ minv∈V {δ(v)} and there exist two adjacent vertices v1 and v2 satisfying δ(vi) ≤ 2− k for i = 1, 2.
(3) We suppose that ak(Γ ) 6= 1 and ak(Γ ) 6= 2 and Γ . It is easy to check that, if there exists an induced subgraph
isomorphic to (a) or (b), then it is aminimumdefensive k-alliance. Let S = {v1, v2, v3} be theminimumdefensive k-alliance.
There are two possibilities, δS(v1) = δS(v3) = 1 and δS(v2) = 2, and δS(vi) = 2 for i = 1, 2, 3. If δS(v1) = δS(v3) = 1 and
δS(v2) = 2, since S is a defensive k-alliance, we have
2 = 2δS(vi) ≥ δ(vi)+ k⇔ δ(vi) ≤ 2− k,
for i = 1, 3, and
4 = 2δS(v2) ≥ δ(v2)+ k⇔ δ(v2) ≤ 4− k.
If δS(vi) = 2 for i = 1, 2, 3, then
4 = 2δS(vi) ≥ δ(vi)+ k⇔ δ(vi) ≤ 4− k
for i = 1, 2, 3. 
1 Colours are only visible in the electronic version of this paper; however, they are not strictly necessary to understand the description.
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Using this result on the complement graph Γ and the property that every vertex v ∈ V verifies δ(v) = n− 1− δ(v), we
obtain the following.
Corollary 3.2. For any graph Γ ,
(1) ak(Γ ) = 1 if and only if there exists a vertex v ∈ V such that δ(v) ≥ n+ k− 1.
(2) ak(Γ ) = 2 if and only if maxv∈V δ(v) ≤ n+ k− 2 and Γ have two not adjacent vertices of degrees greater than or equal to
n+ k− 3.
(3) ak(Γ ) = 3 if and only if ak(Γ ) 6= 1, ak(Γ ) 6= 2 and one of the following conditions hold:
(a) There exist two adjacent vertices u and v and another vertex w independent of u and v, such that δ(u) and δ(v) are
greater than or equal to n+ k− 3, and δ(w) is greater than or equal to n+ k− 5.
(b) There exist three independent vertices whose degrees are greater than or equal to n+ k− 5.
If Γ is a graph of order n and k ∈ {−δ, . . . , 0}, it is known that ak(Γ ) ≤
⌈ n+k+1
2
⌉
and, for a complete graph Γ = Kn and
every k ∈ {−∆, . . . ,∆}, the bound is tight, that is, ak(Γ ) =
⌈ n+k+1
2
⌉
(see [9]).
Proposition 3.3. Let Γ be a graph with minimum degree δ and k ∈ {−δ, . . . , 0}. If Γ has a spanning complete bipartite
subgraph with a partition Vr , Vs of order r and s, respectively. Then
ak(Γ ) ≤ min
(⌈
r + k+ 1
2
⌉
,
⌈
s+ k+ 1
2
⌉)
.
Moreover, if Γ is a complete bipartite graph Kr,s with maximum degree∆, then
ak(Γ ) = min
(⌈
r + k+ 1
2
⌉
,
⌈
s+ k+ 1
2
⌉)
for every k ∈ {−∆, . . . ,∆}.
Proof. If Γ has a spanning complete bipartite subgraph with a partition Vr , Vs of order r and s, respectively, Γ must be
disconnected with components Vr and Vs, therefore,
ak(Γ ) ≤ min
(⌈
r + k+ 1
2
⌉
,
⌈
s+ k+ 1
2
⌉)
.
IfΓ is a complete bipartite graph Kr,s, its complement is the union of two complete graphs Kr and Ks. Since ak(Kr) =
⌈ r+k+1
2
⌉
and ak(Ks) =
⌈ s+k+1
2
⌉
, we conclude that
ak(Γ ) = min
(⌈
r + k+ 1
2
⌉
,
⌈
s+ k+ 1
2
⌉)
. 
Theorem 3.4. If Γ is a graph of order n with maximum degree∆, then⌈
n−∆+ k+ 1
2
⌉
≤ ak(Γ ) ≤
⌈
n+∆+ k+ 1
2
⌉
.
Moreover, if ∆ ≤ n+ k− 4, then ak(Γ ) ≥ g(Γ ).
Proof. On the one hand, if S is a defensive k-alliance in Γ , it satisfies δS(v) ≥ δS(v)+ k for every v ∈ S, therefore
n− 1−∆+ k = δ + k ≤ δ(v)+ k = δS(v)+ δS(v)+ k ≤ 2δS(v) ≤ 2(|S| − 1),
in consequence, |S| ≥ n−∆+k+12 . We conclude that ak(Γ ) ≥
⌈ n−∆+k+1
2
⌉
.
On the other hand, let us prove that ak(Γ ) ≤
⌈ n+∆+k+1
2
⌉
. If k ≥ n − ∆ − 1, then ⌈ n+∆+k+12 ⌉ ≥ n and the inequality is
clear. If k < n−∆− 1, for every subset S ⊆ V of cardinality n− ⌊ n−∆−k−12 ⌋ = ⌈ n+∆+k+12 ⌉ and for every v ∈ S,
δ(v)− k
2
≥
⌊
δ − k
2
⌋
=
⌊
n−∆− k− 1
2
⌋
≥ δS(v).
Hence, S is a defensive k-alliance in Γ and ak(Γ ) ≤ |S| =
⌈ n+∆+k+1
2
⌉
.
Finally, if ∆ ≤ n + k − 4, then δ ≥ 3 − k. Let S be a defensive k-alliance in Γ , i.e., δS(v) ≥ δS(v) + k for every v ∈ S
and, therefore, 2δS(v) ≥ δS(v) + δS(v) + k ≥ δ + k ≥ 3. Hence, δS(v) ≥ 2 for every v ∈ S, thus S has a cycle C in Γ , so
g(Γ ) ≤ |C | ≤ |S|. We conclude that g(Γ ) ≤ ak(Γ ). 
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Notice that both bounds are tight because, if Γ is a null graph of order n, since∆ = 0, we obtain ak(Γ ) =
⌈ n+k+1
2
⌉
and,
if Γ is an (n− 5)-regular graph, then Γ is a 4-regular graph, hence a0(Γ ) = a−1(Γ ) = g(Γ ).
Proposition 3.5. Let Γ be a graph of order n. S is a defensive k-alliance in Γ if and only if
n+ k+ 1+ δS(v)− δS(v)
2
≤ |S|
for every v ∈ S.
Proof. It is known that S is a defensive k-alliance in Γ if and only if δS(v) ≥ δS(v) + k for every v ∈ S. Now, using that
δS(v) = |S| − 1 − δS(v) and δS(v) = |S| − δS(v) = n − |S| − δS(v), we obtain that S is a defensive k-alliance in Γ if and
only if |S| − 1− δS(v) ≥ n− |S| − δS(v)+ k or, equivalently,
n+ k+ 1+ δS(v)− δS(v)
2
≤ |S|
for every v ∈ S. 
Corollary 3.6. If Γ is a graph of order n and S is a defensive k-alliance in Γ and Γ , then |S| ≥ d n+2k+12 e.
If Γ is a graph with four vertices V = {v1, v2, v3, v4} and two edges {v1, v2} and {v3, v4}, then S = {v1, v3} is a defensive
alliance in Γ and Γ . On the other hand, if n is an even number and Γ = Kn, every set of vertices with cardinality n2 is a
defensive alliance in Γ and Γ , and every set of vertices with cardinality n2 + 1 is a strong defensive alliance in Γ and Γ .
Theorem 3.7. Let S be a defensive k-alliance in Γ and let S ′ be a defensive j-alliance in Γ such that |S| = |S ′| and S ∩ S ′ 6= ∅.
If δS(v) < δS′(v) for some v ∈ S ∩ S ′, then |S| ≥ d n+k+j+32 e.
Proof. Since S ′ is a defensive j-alliance in Γ and |S| = |S ′|we have
δS′(v) ≥ δS′(v)+ j ⇔ |S| − 1− δS′(v) ≥ n− |S| − δS′(v)+ j
⇔ 2|S| − n ≥ δS′(v)− δS′(v)+ j+ 1.
Now, using that δS′(v)+ δS′(v) = δS(v)+ δS(v), we get that the last inequality is equivalent to
2|S| − n ≥ 2δS′(v)− δS(v)− δS(v)+ j+ 1.
As S is a defensive k-alliance in Γ , we have δS(v) ≥ δS(v)+ k. If we join this inequality to the last one, we obtain
2|S| − n ≥ 2(δS′(v)− δS(v))+ k+ j+ 1.
We suppose that |S| < ⌈ n+k+j+32 ⌉, which implies |S| ≤ n+k+j+22 , therefore
2|S| − n ≤ 2
(
n+ k+ j+ 2
2
)
− n = k+ j+ 2.
In consequence, δS′(v)− δS(v) ≤ 12 or, equivalently, δS(v) ≥ δS′(v), which is a contradiction. 
4. Relations between defensive k-alliances in Γ and some parameters of Γ
Although, for k ≤ 0, any graph has defensive k-alliances, there are some graphs and some values of k such that defensive
k-alliances do not exist. For instance, for k ≥ 2 in the case of the star graph Sn, defensive k-alliances do not exist. In the next
theorem we give a sufficient condition for the existence of a defensive k-alliance in the complement graph.
Theorem 4.1. Let Γ be a graph of order n and minimum degree δ. If S ⊆ Γ is an independent set such that |S| ≥ n−δ+k+12 , then
S is a defensive k-alliance in Γ .
Proof. For any given vertex v ∈ S, we have to prove that δS(v) ≥ δS(v)+ k. We know that, as S is an independent set in Γ ,
so for every v ∈ S, we know that δS(v) = |S| − 1. Therefore, it remains to prove that δS(v) ≤ |S| − k− 1. Since
δ(v)+ δ(v) = n− 1 and δS(v)+ δS(v) = δ(v),
we have
n− 1 = δ(v)+ δS(v)+ δS(v) = δ(v)+ |S| − 1+ δS(v),
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in consequence, δ(v)+ |S| + δS(v) = n. Now, using that δ ≥ n− 2|S| + k+ 1, we conclude
n− 2|S| + k+ 1+ |S| + δS(v) ≤ δ + |S| + δS(v) ≤ δ(v)+ |S| + δS(v) = n
or, equivalently, δS(v) ≤ |S| − k− 1. 
As a consequence of this theorem we obtain the following results.
Corollary 4.2. For every k < 0, ak(Cn) =
⌈ n+k−1
2
⌉
.
Proof. It is clear that in the graph Γ = Cn the maximum independent set has cardinality equal to
⌊ n
2
⌋
. We take an
independent set S with cardinality
⌈ n+k−1
2
⌉
. Since
|S| =
⌈
n+ k− 1
2
⌉
≥ n− δ + k+ 1
2
,
by Theorem 4.1 we have that S is a defensive k-alliance in Cn. Now, by Theorem 3.4⌈
n+ k− 1
2
⌉
= |S| ≥ ak(Cn) ≥
⌈
n+ k− 1
2
⌉
,
in consequence, ak(Cn) =
⌈ n+k−1
2
⌉
. 
Corollary 4.3. For every k < 0, ak(Pn) =
⌈ n+k−1
2
⌉
.
Proof. We know that in the graph Pn there exists an independent set S of cardinality
⌈ n+k−1
2
⌉
such that δ(v) = 2 for every
v ∈ S, therefore, we can use the same argument that in the proof of previous corollary and the last theorem to obtain the
result. 
In [3] we can find the following result.
Lemma 4.4. For every integer t ≥ 1, if a graph Γ of order n has no minor isomorphic to Kt+1, then it has an independent set of
size at least n2t .
Proposition 4.5. For every t ∈ {1, 2, . . . , n−1}, let Γ be a graph of order n andminimum degree satisfying δ ≥ n(t−1)t +k+1.
If Γ has no minor isomorphic to the complete graph Kt+1, then there exists a defensive k-alliance S in Γ such that |S| =
⌈ n
2t
⌉
.
Proof. By Lemma 4.4 there exists an independent set S with cardinality
⌈ n
2t
⌉
. As δ − k− 1 ≥ n(t−1)t we have
n
t
= n− n(t − 1)
t
≥ n− (δ − k− 1),
in consequence,
2|S| = 2
⌈ n
2t
⌉
≥ n
t
≥ n− δ + k+ 1.
Now, using Theorem 4.1 we conclude that S is a defensive k-alliance in Γ . 
Notice that, if t = 2 and k = −1, the graph Γ = K3,3 has nominor isomorphic to the complete graph K3. Therefore, there
exists a defensive alliance in Γ with cardinality
⌈ 6
4
⌉ = 2.
Theorem 4.6. Let k ∈ {−δ, . . . , 0} and S be a minimum defensive k-alliance in Γ . Then S is a dominating set in Γ .
Proof. If S is a minimum defensive k-alliance in Γ , then |S| ≤ ⌈ n+k+12 ⌉ ≤ n+k+22 . We suppose that S is not a dominating set
in Γ , hence there exists v ∈ S such that δS(v) = 0. If δS(v) = 1, then S = {v} would be a defensive k-alliance, but this is a
contradiction with δS(v) = 1. In consequence
|S| ≤ n+ k+ 2
2
<
n+ k+ 3
2
≤ δS(v)− δS(v)+ n+ k+ 1
2
,
and, using Proposition 3.5 we have that S is not a defensive k-alliance in Γ , a contradiction. 
Corollary 4.7. If Γ is a graph of order n, then a0(Γ ) ≤ n− γ (Γ ).
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Notice that this bound is tight because, if Γ is the union of two disjoint cycles C3, then n = 6, γ (Γ ) = 2 and, as Γ is
a K3,3 graph, it is easy to see that a0(Γ ) = 4. It was shown in [5,8] that for any graph Γ of order n, a0(Γ ) ≤
⌊ n
2
⌋ + 1. By
the last corollary we obtain a better bound for a0(Γ ) in a particular case. If Γ is a graph of order n and γ (Γ ) =
⌊ n
2
⌋
, then
a0(Γ ) ≤
⌈ n
2
⌉
.
A subset S ⊆ V is a perfect r-dominating set if δS(v) = r for every vertex v ∈ S. The perfect r-domination number γ pr (Γ )
is the minimum cardinality of any perfect r-dominating set in Γ . Thus, we have obtained the following result.
Theorem 4.8. Let Γ be a graph of order n and minimum degree δ. For every k ∈ {−δ, . . . , δ} it is satisfied
ak(Γ ) ≤ n− γ p⌊ δ−k
2
⌋(Γ ).
Proof. We denote r = ⌊ δ−k2 ⌋, then δ = 2 ( δ−k2 )+ k ≥ 2r+ k. Let S be a perfect r-dominating set in Γ . Then, for every v ∈ S
we have
2δS(v)+ k = 2r + k ≤ δ ≤ δ(v),
that is, S is a defensive k-alliance in Γ . Therefore, ak(Γ ) ≤ |S| = n− |S|. Since S is a perfect r-dominating set in Γ we know
that γ pr (Γ ) ≤ |S|, in consequence, ak(Γ ) ≤ n− γ p⌊ δ−k
2
⌋(Γ ). 
For the graph Γ = Q3 of order 8 the bound is tight for every k ∈ {−3, . . . , 3} because a−3(Q3) = 1 and γ p3 (Q3) = 7,
a−1(Q3) = a−2(Q3) = 2 and γ p2 (Q3) = 6, a0(Q3) = a1(Q3) = 4 and γ p1 (Q3) = 4, a2(Q3) = a3(Q3) = 8 and γ p0 (Q3) = 0.
Theorem 4.9. Let S be a defensive k-alliance in Γ such that S is not a dominating set in Γ . Then |S| ≥ ⌈ n+δ+k+12 ⌉.
Proof. If S is a defensive k-alliance in Γ , then δ(v) ≥ 2δS(v)+ k is satisfied for every v ∈ S. Now, as S is not a dominating
set in Γ , there exists u ∈ S such that δS(u) = n− |S|. Hence,
∆ ≥ δ(u) ≥ 2δS(u)+ k = 2(n− |S|)+ k,
that is, n− |S| ≤
⌊
∆−k
2
⌋
= ⌊ n−δ−k−12 ⌋ or, equivalently,
|S| ≥
⌈
n+ δ + k+ 1
2
⌉
. 
Corollary 4.10. Let Γ be a δ-regular graph of order n. If the minimum global defensive k-alliance S in Γ satisfies that S is not a
dominating set in Γ , then |S| = ⌈ n+δ+k+12 ⌉.
Proof. It is known that the condition |S| ≤ n−
⌊
δ−k
2
⌋
holds (see [11]), hence
|S| ≤
⌈
n+ δ + k+ 1
2
⌉
.
Finally, by the previous theorem we obtain the result. 
Theorem 4.11. Let Γ be a graph of order n such that γ (Γ ) > 3 and k ∈ {−δ, . . . , 0}. If the minimum defensive k-alliance in
Γ is not global, then
ak(Γ ) ≤

⌊
3n+ k+ 5
4
−
(
γ (Γ )+ γ (Γ )
2
)⌋
if n+ k is odd⌊
3n+ k+ 6
4
−
(
γ (Γ )+ γ (Γ )
2
)⌋
if n+ k is even.
Proof. If S is not a dominating set in Γ , we know that there exists u ∈ S such that δS(u) = |S|. We consider the set
W = S \ ({u} ∪ (N(u) ∩ S)). Since |N(u) ∩ S| = δ(u) − |S|, we have |W | = n − |S| − (1 + δ(u) − |S|) = n − 1 − δ(u).
Now, we take a minimum dominating set D in the subgraph 〈W 〉. It is clear that D ∪ {u} is a dominating set in Γ , therefore,
|D ∪ {u}| ≥ γ (Γ ), that is, |D| ≥ γ (Γ )− 1. Let B ⊆ D be a set such that |B| = γ (Γ )− 3, let C be the set dominated by B in
the subgraph 〈W 〉, and C∗ = W \ C .
On the one hand, if there exists c ∈ C such that c ∼ c∗ for every c∗ ∈ C∗, then B∪ {u} ∪ {c} is a dominating set in Γ and,
in consequence,
γ (Γ ) ≤ |B ∪ {u} ∪ {c}| = γ (Γ )− 3+ 2 < γ (Γ ),
a contradiction. Therefore, for every c ∈ C there exists c∗ ∈ C∗ such that c  c∗.
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On the other hand, if there exists v ∈ N(u) such that v ∼ c∗ for every c∗ ∈ C∗, then B ∪ {u} ∪ {v} is a dominating set in
Γ and, in consequence,
γ (Γ ) ≤ |B ∪ {u} ∪ {v}| = γ (Γ )− 3+ 2 < γ (Γ ),
a contradiction. Therefore, for every v ∈ N(u) there exists c∗ ∈ C∗ such that v  c∗. Moreover, for every c∗ ∈ C∗ we have
u  c∗.
It follows from above that C∗ is a dominating set in Γ . Therefore,
γ (Γ ) ≤ |C∗| = |W | − |C | ≤ |W | − |B| = n− 1− δ(u)− (γ (Γ )− 3)
≤ n− 1− |S| − γ (Γ )+ 3,
that is, |S| ≤ n+ 2− (γ (Γ )+ γ (Γ )). If S is the minimum defensive k-alliance, we know that |S| ≤ ⌈ n+k+12 ⌉, so
|S| ≤
⌊
n+ ⌈ n+k+12 ⌉+ 2− (γ (Γ )+ γ (Γ ))
2
⌋
.
Now, using that
⌈ n+k+1
2
⌉ = n+k+12 when n is an odd number, and ⌈ n+k+12 ⌉ = n+k+22 when n is an even number, we obtain
the claimed result. 
The bound of this theorem is tight. For instance, if Γ has four connected components equal to P2, we have γ (Γ ) = 4,
γ (Γ ) = 2 and a−2(Γ ) = a−1(Γ ) = 4, in consequence, the equality is reached.
It is known that the isoperimetric number of a graph Γ is
i(Γ ) = min

∑
v∈S
δS(v)
|S| : S ⊆ V , |S| ≤
n
2
 .
Using this parameter of the graph we have obtained the following result.
Theorem 4.12. Let Γ be a graph of order n and k ∈ {−δ, . . . ,−2}. The following inequality holds:
ak(Γ ) ≥ di(Γ )+ k+ 1e.
Moreover, if n is an even number, then a(Γ ) ≥ i(Γ ).
Proof. If k ∈ {−δ, . . . ,−2} or k = −1 and n is an even number, we know that the minimum defensive k-alliance S satisfies
|S| ≤ n2 , hence
i(Γ ) ≤
∑
v∈S
δS(v)
|S| ,
then
|S|i(Γ ) ≤
∑
v∈S
δS(v) ≤
∑
v∈S
(δS(v)− k) ≤ |S|(|S| − 1)− k|S|,
in consequence,
|S| ≥ i(Γ )+ k+ 1.

It is known that i(Kn) =
⌈ n
2
⌉
, hence the bound is reached with k = −2 in the graph Kn with n an odd number. The
equality a(Γ ) = i(Γ ) holds in the graph Kn with n an even number.
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